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TOEPLITZ OPERATORS WITH QUASI-HOMOGENEUOS
QUASI-RADIAL SYMBOLS ON SOME WEAKLY
PSEUDOCONVEX DOMAINS
RAUL QUIROGA-BARRANCO AND ARMANDO SANCHEZ-NUNGARAY
Abstract. On the weakly pseudo-convex domains Ωn
p
we introduce quasi-
homogeneous quasi-radial symbols. These are used to prove the existence of a
commutative Banach algebra of Toeplitz operators on Bergman space of Ωn
p
.
We also show that group theoretic and geometric properties for our symbols
are satisfied. The results presented here contain the geometric description of
the symbols introduced by N. Vasilevski in [12] for the unit ball Bn.
1. Introduction
In the last years, there has been an interest in the study and classification of
commutative algebras of Toeplitz operators. This is accompanied by the study of
the underlying geometric structures associated to the corresponding symbols. Some
previous works along these lines can be found in the references. In this work, we
continue the investigation of such topic by introducing quasi-homogeneous quasi-
radial symbols on a family of weakly pseudo-convex domains Ωnp (see the definitions
below). Such family of domains contains the unit ball Bn as a particular case.
Furthermore, our symbols generalize those considered in [12] for the unit ball Bn
as well as those considered in [8] for the complex projective space Pn(C). The
sets of symbols introduced in this work are shown to define commutative Banach
algebras of Toeplitz operators, which are not C∗, in the Bergman space of Ωnp .
In [9] it was shown the existence of “large” commutative C∗-algebras of Toeplitz
on Reinhardt domains. With this respect, the commutative algebras of Toeplitz
operators constructed in this work are the first Banach not C∗ examples defined on
Reinhardt domains that are not bounded symmetric.
As in most of the works that precede this one, it turns out that the symbols that
define our commuting Toeplitz operators have a strong geometric background. In
fact, we prove that our quasi-homogeneous quasi-radial symbols have an associated
group of isometries characterized as the largest connected subgroup leaving invari-
ant the symbols; this is among the toral isometries of Ωnp as Reinhardt domain (see
Theorem 5.1). We also obtain Lagrangian frames for the set of symbols which are
defined on the leaves of a foliation of Ωnp (see Theorem 5.8).
It is worthwhile to mention that this work provides new results for the case of
the unit ball Bn. More precisely, since our quasi-homogeneous quasi-radial symbols
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for Ωnp generalize those found in [12], our Theorems 5.1 and 5.8 hold for the sym-
bols considered in [12] for Bn (see Remark 5.2). Hence, this work establishes the
geometric nature and properties for the quasi-homogeneous quasi-radial symbols
introduced by N. Vasilevski in [12].
2. Preliminaries
Given a multi-index α = (α1, α2, . . . , αn) ∈ Nn we will use the standard notation
|α| = α1 + α2 + · · ·+ αn,
α! = α1!α2! · · ·αn!,
zα = zα11 z
α2
2 · · · zαnn .
For p ∈ Zn+ a fixed multi-index, we define the following sets
Ωnp (r) =
{
(z1, . . . , zn) ∈ Cn |
n∑
j=1
|zj |2pj < r2
}
(2.1)
S
n
p (r) =
{
(z1, . . . , zn) ∈ Cn |
n∑
j=1
|zj |2pj = r2
}
(2.2)
For the case r = 1, we simply write Ωnp and S
n
p , respectively. Note that for p =
(1, . . . , 1), we have that Ωnp = B
n is the unit ball and Snp = S
n is the unit sphere in
Cn, both centered at the origin.
For every z ∈ Cn, we also denote
r = ‖z‖p =
√
|z1|2p1 + · · ·+ |zn|2pn
ξj =
zj
‖z‖
1
pj
p
=
zj
r
1
pj
for all j = 1, . . . , n. In particular we have
n∑
j=1
|ξj |2pj = 1,
which implies that ξ = (ξ1, . . . , ξn) ∈ Snp . Note that these expressions define a set of
coordinates (r, ξ) for every z ∈ Cn, these coordinates are called p-polar coordinates.
We let dv denote the Lebesgue measure on Ωnp normalized so that v(Ω
n
p ) = 1.
Also we let σ denote the hypersurface measure on Snp , also normalized so that
σ(Snp ) = 1.
It is well known that the measures on these sets are related by the following
identity, that holds in the case of Bn and Sn,∫
Bn
f(z)dv(z) = 2n
∫ 1
0
r2n−1
∫
Sn
f(r, ξ)dσ(ξ)dr
for every non-negative measurable function f on Bn. For more details we refer the
reader to [13]. The next result is an extension of this equation for arbitrary p as
above.
Lemma 2.1. The measures on v and σ satisfy∫
Ωnp
f(z)dv(z) =
2 n∑
j=1
1
pj
∫ 1
0
r
2(
∑n
j=1
1
pj
)−1
∫
Snp
f(r, ξ)dσ(ξ)dr.
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for every non-negative measurable function f on Ωnp .
Proof. The proof follows the same arguments as those found in [13] for Bn and Sn,
and we present them for the sake of completeness.
Denote by dV = dx1dy1 · · · dxndyn the n-dimensional Lebesgue measure without
normalization. Similarly, let dS denote the hypersurface measure of Snp before
normalization. As usual, these coordinates are obtained by the identification zj =
xj + iyj. Then, the Lebesgue measure of the solid given by by dS in S
n
p together
with r > 0 and r + dr, is given by
dV =
dS
S(1)
(
V (r + dr) − V (r))
where V (r) in the Lebesgue measure of Ωnp (r) and S(r) is the is the measure of
Snp (r).
The change of variables zj = r
1
pj ξj yields
(2.3) V (r) =
∫
Ωnp (r)
dV (z) = r
2
∑n
j=1
1
pj V (1),
and so it follows that
dV =
V (1)dS
S(1)
(
(r + dr)
2
∑n
j=1
1
pj − r2
∑n
j=1
1
pj
)
.
This proves that
dV =
V (1)
S(1)
2 n∑
j=1
1
pj
 r2(∑nj=1 1pj )−1drdS
which clearly implies
dv =
2 n∑
j=1
1
pj
 r2(∑nj=1 1pj )−1drdσ
where dv and dσ are the normalized measures of Ωnp and S
n
p , respectively. 
The Hilbert spaces L2(Ωnp ) and L
2(Snp ) are those associated to the usual Lebesgue
measure dV on Ωnp and the hypersurface measure dS on S
n
p . We denote by A2(Ωnp )
the closed subspace of L2(Ωnp ) consisting of those functions which are holomorphic in
Ωnp , and we let Pp : L
2(Ωnp )→ A2(Ωnp ) be the orthogonal projection. If a ∈ L∞(Ωnp )
then the Toeplitz operator Ta with symbol a is the bounded operator on A2(Ωnp )
defined by Ta(f) = Pp(af).
We have following identity, and for its proof we refer to [1].
(2.4) 〈zα, zβ〉 = δα,β
pin
n∏
j=1
Γ
(
αj + 1
pj
)
 n∏
j=1
pj
Γ
 n∑
j=1
αj + 1
pj
+ 1
 .
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In particular, we also have
(2.5) Cnp := V (1) =
pin
n∏
j=1
Γ
(
1
pj
)
 n∏
j=1
pj
Γ
 n∑
j=1
1
pj
+ 1

As a consequence of (2.4) we obtain an orthonormal basis for A2(Ωnp ) given by
(2.6)

 n∏
j=1
pj
Γ
 n∑
j=1
αj + 1
pj
+ 1

pin
n∏
j=1
Γ
(
αj + 1
pj
)

1
2
zα
When p = (1, . . . , 1) and for every α, β ∈ Nn we have∫
Sn
ξαξβdS(ξ) = δα,β
2pinα!
(n− 1 + |α|)! .
For a proof of this identity we refer to [13]. Such identity has the the following
extension for arbitrary p ∈ Nn.
Lemma 2.2. Let p ∈ Zn+ and α, β ∈ Nn. Then
(2.7)
∫
Snp
ξαξβdσ(ξ) = δα,β
Γ
 n∑
j=1
1
pj
 n∏
j=1
Γ
(
αj + 1
pj
)
 n∏
j=1
Γ
(
1
pj
)Γ
 n∑
j=1
αj + 1
pj
 ,
or equivalently
(2.8)
∫
Snp
ξαξβdS(ξ) = δα,β
2pin
n∏
j=1
Γ
(
αj + 1
pj
)
 n∏
j=1
pj
Γ
 n∑
j=1
αj + 1
pj

Proof. As a consequence of the rotation invariance of the measure on Snp it follows
that ∫
Snp
ξαξβdσ(ξ) = 0.
for every α 6= β. Following [13], we evaluate the integral
I =
∫
Cn
|zα|2e−(|z1|2p1+···+|zn|2pn )dV
by two diferents methods. First, Fubini’s theorem gives
I =
∫
Cn
|zα|2e−(|z1|2p1+···+|zn|2pn)dV
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=
n∏
j=1
∫
Rn
(x2 + y2)αj e−(x
2+y2)pj dxdy
= pin
n∏
j=1
∫ ∞
0
rαj e−r
pj
dr.
Using the change of variables r = s
1
pj , for which dr =
1
pj
s
1
pj
−1
ds, we obtain
I = pin
n∏
j=1
1
pj
∫ ∞
0
s
αj+1
pj
−1
e−sds
= pin
n∏
j=1
1
pj
Γ
(
αj + 1
pj
)
(2.9)
On the other hand, we integrate in p-polar cordinates
I = 2
n∑
j=1
1
pj
Cnp
∫ ∞
0
r
2
(∑n
j=1
αj+1
pj
)
−1
e−r
2
dr
∫
Snp
|ξα|2dσ(ξ)
where ξj =
zj
r
1
pj
, for all j = 1, . . . , n. If we take r =
√
s, then dr = 12s
− 12 ds, and so
I = 2
 n∑
j=1
1
pj
Cnp ∫ ∞
0
s
(∑n
j=1
αj+1
pj
)
−1 ds
2
∫
Snp
|ξα|2dσ(ξ)
which is equivalent to
(2.10) I =
n∑
j=1
1
pj
Cnp Γ
 n∑
j=1
αj + 1
pj
∫
Snp
|ξα|2dσ(ξ).
From (2.9) and (2.10) we obtain the identity
pin
n∏
j=1
1
pj
Γ
(
αk + 1
pj
)
=
n∑
j=1
1
pj
Cnp Γ
 n∑
j=1
αk + 1
pj
∫
Snp
|ξα|2dσ(ξ).
Hence, we conclude that
∫
Snp
|ξα|2dσ(ξ) =
pin
n∏
j=1
[
1
pj
Γ
(
αj + 1
pj
)]
Cnp
 n∑
j=1
1
pj
Γ
 n∑
j=1
αj + 1
pj

=
 n∏
j=1
pj
Γ
 n∑
j=1
1
pj
+ 1
 n∏
j=1
[
1
pj
Γ
(
αj + 1
pj
)]
 n∏
j=1
Γ
(
1
pj
) n∑
j=1
1
pj
Γ
 n∑
j=1
αj + 1
pj

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=
Γ
 n∑
j=1
1
pj
 n∏
j=1
Γ
(
αj + 1
pj
)
 n∏
j=1
Γ
(
1
pj
)Γ
 n∑
j=1
αj + 1
pj
 ,
which proves (2.7).
We now recall that the volume of Ωnp (r) is given by (2.3) and that
V (r) =
∫ r
0
S(x)dx
where S(x) is the volume of Snp (x). It follows that
S(r) = V ′(r) =
2 n∑
j=1
1
pj
 r2∑nj=1 1pj −1V (1)
In particular the volume of Snp is given by
S(1) =
2 n∑
j=1
1
pj
V (1) = 2pi
n
n∏
j=1
Γ
(
1
pj
)
 n∏
j=1
pj
Γ
 n∑
j=1
1
pj

Using this identity and (2.7) we obtain (2.8). 
3. Toeplitz operators with quasi-homogeneuos symbols
Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n; in other words we have |k| =
k1 + . . .+ ks = n. Given such k we define
k̂j =
{
0 if j = 0,
k̂j−1 + kj if j = 1, . . . , s
Given z ∈ Cn and k ∈ Zs+ a partition of n we decompose z into s pieces, each
one of which has kj components for j = 1, . . . , s. This is achieved by denoting
z(j) = (zk̂j−1 , . . . , zk̂j),
for j = 1, . . . , s. In particular, z(j) ∈ Ckj for every j = 1, . . . s and z = (z(1), . . . z(s))
for every z ∈ Cn. We also note that the components of z(j) ∈ Ckj are given by
(z(j))1, . . . , (z(j))kj .
Now let us choose p ∈ Zn+ as before. Then, we denote
(3.1) rj = ‖z(j)‖p =
√√√√√ k̂j∑
t=k̂j−1+1
|zt|2pt
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for every j = 1, . . . , s. Furthermore, for every z ∈ Cn we denote
ξ(j) =
 (z(j))1
r
1
(p(j))1
j
, . . . ,
(z(j))kj
r
1
(p(j))kj
j
 ,
for every j = 1, . . . , s. In words, the element ξ(j) is obtained from z(j) by dividing
each component of the latter by rj = ‖z(j)‖p powered to the exponents given by
the reciprocals of the corresponding components of p(j). Note that ξ(j) ∈ Skjp(j) for
every j.
Definition 3.1. Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n and let ν, µ ∈ Nn be
such that
ν · µ = ν1µ0 + · · ·+ νnµn = 0.
With the above notation, the k-quasi-homogeneous symbol associated to ν, µ is the
function ϕ : Ωnp → C given by
ϕ(z) = ξνξ
µ
=
s∏
j=0
(
ξ(j)
)ν(j) (ξ(j))µ(j) .
We will denote by Hk(Ωnp ) the set of k-quasi-homogeneous symbols on Ωnp .
It is a simple matter to see that for p = (1, . . . , 1) a k-quasi-homogeneous symbol
on Ωnp = B
n is k-quasi-homogeneous in the sense of [12].
Definition 3.2. Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n. With the above
notation, a k-quasi-radial symbol is a function function a : Ωnp → C that can be
written as a(z) = a˜(r1, . . . , rs) where rj is given by 3.1. We will denote by Rk(Ωnp )
the set of k-quasi-radial symbols on Ωnp .
As before, it is easy to see that for p = (1, . . . , 1) a k-quasi-radial symbol on
Ωnp = B
n is k-quasi-radial in the sense of [12]
The two definitions above yield together the notion of quasi-homogeneous quasi-
radial symbol.
Definition 3.3. Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n. Then, a k-quasi-
homogeneous quasi-radial symbol is a function Ωnp → C of the form aϕ, where
a ∈ Rk(Ωnp ) and ϕ ∈ Hk(Ωnp ); in this case, we will refer to a and ϕ as the quasi-
radial and quasi-homogeneous parts of the symbol, respectively. We will denote by
HRk(Ωnp ) the set of k-quasi-homogeneous quasi-radial symbols.
We observe that the domain Ωnp is a Reinhardt domain and so the results from [9]
can be applied in this case. In particular, [9] implies that the set symbols R(1,...,1)
defines a family of commutative Toeplitz operators on A2(Ωnp ). Furthermore, every
Toeplitz operator Ta with symbol a ∈ Rk(Ωnp ) is diagonal with respect to the
standard monomial basis. Since Rk(Ωnp ) is a subset of R(1,...,1)(Ωnp ), the same
properties hold for Rk(Ωnp ). The following result provides an explicit presentation
of such Toeplitz operators as diagonalizable operators.
Lemma 3.4. Let k ∈ Zs+ be a partition of n. Then, for any k-quasi-radial bounded
measurable symbol a ∈ Rk(Ωnp ), we have
Taz
α = γa,k(α)z
α,
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for every α ∈ Nn, where
γa,k(α) =
4sΓ
 n∑
j=1
αj + 1
pj
+ 1
 s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + 1
pt

×
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
r
(
2
∑k̂j
t=k̂j−1+1
(αt+1pt )−1
)
j drj(3.2)
and ∆ns = {(r1, . . . , rs) ∈ R+ : r21 + · · ·+ r2s < 1}.
Proof. Let α ∈ Nn. Then, we have
〈Tazα, zα〉 = 〈a(r1, . . . , rs)zα, zα〉 =
∫
Ωnp
a(r1, . . . , rs)|zα|2dV
Consider the change of variables (z(j))t = r
1
p(j),t
j (ξ(j))t, for every t = 1, . . . , kj
and j = 1, . . . , s. Then, we obtain
〈a(r1, . . . , rs)zα, zα〉 =
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
r
[
2
∑k̂j
t=k̂j−1+1
(αt+1pt )−1
]
j drj
×
s∏
j=1
2
 k̂j∑
t=k̂j−1
1
pt
∫
S
kj
(j)
|ξ(j)|α(j)dSj
=
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
r
[
2
∑k̂j
t=k̂j−1+1
(αt+1pt )−1
]
j drj
×
4spin
n∏
j=1
Γ
(
αj + 1
pj
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + 1
pt
 n∏
j=1
pj
,
and the result follows from (2.4). 
We now determine the action on monomials of the Toeplitz operators with sym-
bols in HRk(Ωnp ).
Lemma 3.5. Let k ∈ Zs+ be a partition of n and ν, µ ∈ Nn. If aξνξ
µ
= a(r1, . . . , rl)ξ
νξ
µ
is an element of HRk(Ωnp ), then the Toeplitz operator Taξνξµ acts on monomials zα
with α ∈ Nn as follows
Taξνξµz
α =
{
γ˜a,k,ν,µ(α)z
α+ν−µ for α+ ν − µ ∈ Zn+
0 for α+ ν − µ 6∈ Zn+
where
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(3.3) γ˜a,k,ν,µ(α) =
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+νt−µt+2
pt
−1
)
j drj
×
4s
n∏
j=1
Γ
(
αj + νj + 1
pj
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt
Γ
 n∑
j=1
αj + νj − µj + 1
pj
+ 1

n∏
j=1
Γ
(
αj + νj − µk + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

Proof. Let α, β ∈ Nn. Then, we have
〈Taξνξµzα, zβ〉 = 〈aξνξ
µ
zα, zβ〉
=
∫
Ωnp
a(r1, . . . , rs)ξ
νξ
µ
zαzβdV
Consider the change of variables (z(j))t = r
1
p(j),t
j (ξ(j))t, for t = 1, . . . , kj and
j = 1, . . . , s. Then, we obtain
〈Taξνξµzα, zβ〉 =
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
2
 k̂j∑
t=k̂j−1+1
1
pt

× r
(∑k̂j
t=k̂j−1+1
αt+βt+2
pt
−1
)
j drj
×
s∏
j=1
∫
S
kj
p(j)
ξν(j)+α(j)ξ
µ(j)+β(j)
dSj
= δα+ν,β+µ
∫
∆ns
a(r1, . . . , rs)
s∏
j=1
r
[∑k̂j
t=k̂j−1+1
αt+βt+2
pt
−1
]
j drj
×
4spin
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

n∏
j=1
pj
s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

Observe that this expression is non zero if and only if β = α+ ν−µ, which a priori
belongs to Nn. We conclude the result from the orthonormality of the basis defined
in (2.6). 
4. Commutativity results for quasi-homogeneuos symbols
We obtain commutativity results for Toeplitz operators on the domain Ωnp that
extend those found in [12].
Theorem 4.1. Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n and ν, µ ∈ Nn
a pair of orthogonal multi-indices. Let a1, a2 ∈ Rk be non identically zero and
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ξνξ
µ ∈ Hk. Then, the Toeplitz operators Ta1 and Ta2ξνξµ commute on the Bergman
space A2(Ωnp ) if and only if
(4.1)
k̂j∑
t=k̂j−1+1
νt − µt
pt
=
kj∑
t=1
(ν(j))t − (µ(j))t
(p(j))t
= 0
for each j = 1, . . . , s.
Proof. Let α ∈ Zn+ be given. First note that if α+ν−µ 6∈ Zn+, then the Lemmas 3.4
and 3.5 imply that both Ta1Ta2ξνξ
µzα and Ta2ξνξ
µTa1z
α vanish. Hence, we can
assume that α+ ν − µ ∈ Zn+.
Applying again Lemmas 3.4 and 3.5 we obtain
Ta1Ta2ξνξ
µzα =
4s
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt
Γ
 n∑
j=1
αj + νj − µj + 1
pj
+ 1

n∏
j=1
Γ
(
αj + νj − µj + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

×
∫
∆ns
a2(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+νt−µt+2
pt
−1
)
j drj
×
4sΓ
 n∑
j=1
αj + νj − µj + 1
pj
+ 1
 s∏
j=1
 k̂j∑
t=k̂j−1
1
pt

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt − µt + 1
pt

×
∫
∆ns
a1(r1, . . . , rm)
m∏
j=1
r
(
2
∑k̂j
t=k̂j−1+1
(αt+νt−µt+1pt )−1
)
j drj
× zα+ν−µ.
And similarly, we have
Ta2ξνξµTa1z
α =
4sΓ
 n∑
j=1
αj + 1
pj
+ 1
 s∏
j=1
 k̂j∑
t=k̂j−1
1
pt

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + 1
pt

×
∫
∆ns
a1(r1, . . . , rm)
s∏
j=1
r
(
2
∑k̂j
t=k̂j−1+1
(αt+1pt )−1
)
j drj
TOEPLITZ OPERATORS ON SOME WEAKLY PSEUDOCONVEX DOMAINS 11
×
4s
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

n∏
j=1
Γ
(
αj + νj − µj + 1
pj
)
×
Γ
 n∑
j=1
αj + νj − µj + 1
pj
+ 1

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

×
∫
∆ns
a2(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+νt−µt+2
pt
−1
)
j drj
× zα+ν−µ
This implies that Ta1Ta2ξνξ
µzα = Ta2ξνξ
µTa1z
α for all α if and only if
k̂j∑
t=k̂j−1+1
νt − µt
pt
= 0
where j = 1, . . . , s. 
If we assume that (4.1) holds for all j = 1, . . . , s, then equations (3.2) and (3.3)
imply the following identity
γ˜a,k,ν,µ(α) =(4.2) ∫
∆nm
a(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+2
pt
−1
)
j drj
×
4s
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt
Γ
 n∑
j=1
αj + 1
pj
+ 1

n∏
j=1
Γ
(
αj + νj − µj + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

=
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + 1
pt

n∏
j=1
Γ
(
αj + νj − µj + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt
γa,k(α)
Theorem 4.2. Let k = (k1, . . . , ks) ∈ Zs+ be a partition of n and let ν, µ, σ, η ∈ Nn
be multi-indices that satisfy the following properties
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• ν ⊥ µ and σ ⊥ η,
•
k̂j∑
t=k̂j−1+1
νt − µt
pt
= 0 and
k̂j∑
t=k̂j−1+1
σt − ηt
pt
= 0 for all j = 0, . . . , s.
Let aξνξ
µ
, bξσξ
η ∈ HRk be corresponding k-quasi-homogeneous quasi-radial sym-
bols on Ωnp , where a, b ∈ Rk are measurable and bounded symbols. Then, the Toeplitz
operators Taξνξµ and Tbξσξη commute on the Bergman space A2(Ωnp ) if and only if
for each s = 1, . . . , n one of the following conditions holds
(1) νs = µs = 0
(2) σs = ηs = 0
(3) νs = σs = 0
(4) µs = ηs = 0
Proof. First, we observe that TbξσξηTaξνξµz
α and TaξνξµTbξσξηz
α are always si-
multaneously zero or non zero. Hence, we compute such expressions for α ∈ Nn
assuming that both are non zero. By (4.2), we have the following expression
TbξσξηTaξνξµz
α =∫
∆nm
a(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+2
pt
−1
)
j drj
×
4s
n∏
t=1
Γ
(
αt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt
Γ
 n∑
j=1
αj + 1
pj
+ 1

n∏
j=1
Γ
(
αj + νj − µj + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt

×
∫
∆nm
b(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+2
pt
−1
)
j drj
×
4s
n∏
t=1
Γ
(
αt + νt − µt + σt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

n∏
j=1
Γ
(
αj + νj − µj + σj − ηj + 1
pj
)
×
Γ
 n∑
j=1
αj + 1
pj
+ 1

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + σt + 1
pt
 × z
α+ν−µ+σ−η
Similarly, we also have
TaξνξµTbξσξηz
α =
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∫
∆nm
b(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+2
pt
−1
)
j drj
×
4s
n∏
t=1
Γ
(
αt + σt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt
Γ
 n∑
j=1
αj + 1
pj
+ 1

n∏
j=1
Γ
(
αj + σj − ηj + 1
pj
) s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + σt + 1
pt

×
∫
∆nm
a(r1, . . . , rn)
s∏
j=1
r
(∑k̂j
t=k̂j−1+1
2αt+2
pt
−1
)
j drj
×
4s
n∏
t=1
Γ
(
αt + σt − ηt + νt + 1
pt
) s∏
j=1
 k̂j∑
t=k̂j−1+1
1
pt

n∏
j=1
Γ
(
αj + σj − ηj + νj − µj + 1
pj
)
×
Γ
 n∑
j=1
αj + 1
pj
+ 1

s∏
j=1
Γ
 k̂j∑
t=k̂j−1+1
αt + νt + 1
pt
 × z
α+ν−µ+σ−η
Therefore, we conclude that TaξνξµTbξσξηz
α = TbξσξηTaξνξµ if and only if
n∏
t=1
Γ
(
αt+νt+1
pt
)
Γ
(
αt+νt−µt+σt+1
pt
)
Γ
(
αt+νt−µt+1
pt
) = n∏
t=1
Γ
(
αt+σt+1
pt
)
Γ
(
αt+σt−ηt+νt+1
pt
)
Γ
(
αt+σt−ηt+1
pt
) .
Finally, one can easily check that the latter identity holds for every α ∈ Nn if and
only if the conclusion of the statement holds. This proves the Theorem. 
The above implies one of our main results: the construction of a commutative
Banach algebra of Toeplitz operators on the domain Ωnp . Note that the rest of this
section generalizes the results found in [12].
Definition 4.3. Let k ∈ Zs+ be a partition of n and h ∈ Zs+ be such that 1 ≤ hj ≤
kj − 1 for all j = 1, . . . s. Denote by Ak,h(Ωnp ) the set of symbols ϕ ∈ HRk(Ωnp )
that satisfy the following properties.
(1) The symbol is of the form ϕ = aξνξ
µ
where a ∈ Rk(Ωnp ) and ν, µ ∈ Nn so
that ξνξ
µ ∈ Hk(Ωnp ).
(2) The multi-indices ν, µ are orthogonal and satisfy
k̂j∑
t=k̂j−1+1
νt − µt
pt
=
kj∑
t=1
(ν(j))t − (µ(j))t
(p(j))t
= 0
for all j = 1, . . . , s.
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(3) The multi-indices ν, µ satisfy
ν
k̂j+t1
= (ν(j))t1 = 0, µk̂j+t2 = (µ(j))t2 = 0
for all 1 ≤ t2 ≤ hj < t1 ≤ kj and j = 1, . . . , s.
Remark 4.4. From now on, for p as before we will denote by lcm(p) the least
common multiple of p1, . . . , pn. Also, let us denote
Λ(p) = lcm(p)
(
1
p1
, . . . ,
1
pn
)
,
which belongs to Zn+. With these conventions, multiplying by lcm(p) shows that
condition (2) from Definition 4.3 is equivalent to
2’ The multi-indices ν, µ are orthogonal and satisfy
Λ(p)(j) · (ν(j) − µ(j)) =
k̂j∑
t=k̂j−1+1
Λ(p)t(νt − µt) = 0,
for every j = 1, . . . , s.
On the other hand, we observe that the set of symbols Ak,h(Ωnp ) reduces to those
considered in [12] when p = (1, . . . , 1) for which we have Ωnp = B
n.
As an immediate consequence of Definition 4.3 and Theorem 4.2 we obtain the
following result.
Theorem 4.5 (Commutative Banach algebra inA2(Ωnp )). Let k ∈ Zs+ be a partition
of n and h ∈ Zs+ be such that 1 ≤ hj ≤ kj − 1 for all j = 1, . . . s. Then, the Banach
algebra of Toeplitz operators generated by the symbols in Ak,h(Ωnp ) is commutative
in the weighted Bergman space A2(Ωnp ).
5. Bundles of Lagrangian frames and quasi-homogeneous symbols
We will provide a geometric construction associated to the set of symbolsAk,h(Ωnp )
introduced in the previous section. In particular, we will consider fixed k ∈ Zs+ a
partition of n and h ∈ Zs+ satisfying the conditions of Definition 4.3. We will
also use the notation introduced in Remark 4.4 as well as the equivalence between
condition (2’) from such remark and condition (2) from Definition 4.3.
We recall that Ωnp is a Reinhardt domain and so the action
T
n × Ωnp → Ωnp
(τ, z) 7→ (τ1z1, . . . , τnzn)
is holomorphic. Hence, the action is isometric for the Ka¨hler metric defined by the
Bergman kernel of Ωnp .
As noted in [8], the known commutative C∗-algebras of Toeplitz operators have
an associated Abelian group of isometries. We refer to [3], [7], [10] and [11] for a
detailed discussion of such behavior. We have shown that this property extends to
quasi-homogeneous symbols on the complex projective space Pn(C) in a suitable
fashion. To describe the corresponding behavior for Ωnp we consider the following
homomorphism built from our current information.
pip : T
n → Tn
t 7→ tΛ(p) = (tΛ(p)11 , . . . , tΛ(p)nn ).
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We observe that pip is a surjective homomorphism of Lie groups. Moreover, pip is a
local diffeomorphism. This homomorphism allows us to give a simpler description
of the group associated to the symbols that we have considered.
Theorem 5.1 (Abelian group associated to Ak,h(Ωnp )). Let k ∈ Zs+ be a partition
of n and h ∈ Zs+ be such that the conditions of Definition 4.3 are satisfied. Let
Tk(p) be the maximal connected subgroup of Tn that satisfies
• τ ∈ Tk(p) if and only if ϕ(τz) = ϕ(z) for every ϕ ∈ Ak,h(Ωnp ) and z ∈ Ωnp .
Then, Tk(p) = pip(Tsk), where Tsk is the subgroup of Tn given by
T
s
k = {τ ∈ Tn : ∃ω ∈ Ts such that τ(j) = (ωj , . . . , ωj) ∀ j = 1, . . . , s}.
In particular, Tk(p) is a closed subgroup of Tn isomorphic to Ts.
Proof. Since pip is surjective, we can consider the elements of T
n to be given in the
form pip(τ) for τ ∈ Tn.
Let ϕ ∈ Ak,h(Ωnp ) be given as in Definition 4.3, in the form ϕ = aξνξ
µ
. In
coordinates this can be written as
ϕ(z) = a(|z(1)|, . . . , |z(s)|)
s∏
j=1
(
z(j)
|z(j)|
)ν(j) ( z(j)
|z(j)|
)µ(j)
,
which yields for every pip(τ) ∈ Tn
ϕ(pip(τ)z) =
a(|z(1)|, . . . , |z(s)|)
s∏
j=1
pip(τ)
ν(j)
(j) pip(τ)
µ(j)
(j)
s∏
j=1
(
z(j)
|z(j)|
)ν(j) ( z(j)
|z(j)|
)µ(j)
.
We conclude that pip(τ) ∈ Tk(p) if and only if
(5.1)
s∏
j=1
(
τ
Λ(p)(j)
(j)
)ν(j)−µ(j)
=
s∏
j=1
pip(τ)
ν(j)
(j) pip(τ)
µ(j)
(j) = 1,
for every ν, µ ∈ Zn+ that satisfies conditions (2) and (3) from Definition 4.3. We
have used the fact that pip(τ)(j) = τ
Λ(p)(j)
(j) for every j = 1, . . . , s.
For τ ∈ Tsk, let ω ∈ Ts such that τ(j) = (ωj , . . . , ωj) for all j. Then, we have(
τ
Λ(p)(j)
(j)
)ν(j)−µ(j)
= ωΛ(p)(j)·(ν(j)−µ(j)) = 1
which vanishes for all j since condition (2’) holds. Since Tsk is connected, this
shows that pip(T
s
k) ⊂ Tk(p). By the connectedness of Tk(p) and since pip is a
local diffeomorphism, to conclude that pip(T
s
k) = Tk(p) it is enough to show that
dim(Tk(p)) = s. Notice that the inclusion pip(Tsk) = Tk(p) already shows that
s ≤ dim(Tk(p)).
Let pip(τ) ∈ Tk(p) be given, and choose j0 ∈ {1, . . . , s} and t1, t2 ∈ Z+ such that
1 ≤ t1 ≤ hj0 < t2 ≤ kj0 . For such data let us define
(ν(j))t =
{
(p(j0))t1 if j = j0, t = t1
0 otherwise
,
(µ(j))t =
{
(p(j0))t2 if j = j0, t = t2
0 otherwise
.
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Then, it is easily seen that ν, µ satisfy the conditions from Definition 4.3. This
implies that (5.1) is satisfied for our current τ and such multi-indices ν, µ. Moreover,
(5.1) reduces to the identity
(τ(j0))
lcm(p)
t1
(τ(j0))
−lcm(p)
t2
=
(τ(j0))
(Λ(p)(j0))t1 (p(j0))t1
t1
(τ(j0))
−(Λ(p)(j0))t2 (p(j0))t2
t2
= 1.
Hence, given the choices of j0, t1, t2, we conclude that there exists ω ∈ Ts such that
(τ(j))
lcm(p)
t = ωj
for every j = 1, . . . , s and t ∈ {1, . . . , kj}. If we consider the homomorphism
ρ : Tn → Tn
τ 7→ (τ lcm(p)1 , . . . , τ lcm(p)n ),
then we have just proved that ρ(Tk(p)) ⊂ Tsk. We note that ρ is a local diffeomor-
phism and so we conclude that dim(Tk(p)) ≤ s. This proves that dim(Tk(p)) = s
and, as remarked above, it shows that Tk(p) = pip(Tsk).
For the last claim, observe that since Tsk ≃ Ts the group Tk(p) = pip(Tsk) is
compact and thus closed in Tn. Furthermore, the fact that pip is a local isomorphism
implies that Tk(p) ≃ Tsk ≃ Ts since all the groups involved are compact and Abelian.

Remark 5.2. We note that the group Tk(p) does not depend on h. For p0 =
(1, . . . , 1) the domain under consideration is the unit ball Ωn(1,...,1) = B
n, and in this
case Λ(p0) = (1, . . . , 1) as well. Hence, pip0 = idTn is the identity homomorphism
of Tn and so Tk(p0) = Tsk.
Following the references mentioned above, we now proceed to construct La-
grangian frames associated to our symbols in Ak,h(Ωnp ) by using the torus Tk(p).
First, we note that the homomorphism pip defined above can be more generally
considered as the homomorphism of C∗n with the same expression
pip : C
∗n → C∗n
ζ 7→ (ζΛ(p)11 , . . . , ζΛ(p)nn ).
We thus introduce the complexification of Tk(p) as given by
T Ck (p) = pip(C∗sk ),
for the following subgroup of C∗n
C
∗s
k = {ζ ∈ C∗n : ∃ω ∈ C∗s such that ζ(j) = (ωj , . . . , ωj) ∀ j = 1, . . . , s}.
For the corresponding construction in the case of the projective space we considered
an action of the complexified group. However, in this case, we have only a local
action of T Ck (p) on Ωnp given by the expression
(5.2) (pip(ζ), z) 7→ pip(ζ)z = (ζΛ(p)11 z1, . . . , ζΛ(p)nn zn).
where (pip(ζ), z) ∈ T Ck (p) × Ωnp is restricted to those pairs such that pip(ζ)z ∈ Ωnp .
More precisely, we have the following easy to prove result. It also shows that the
local action of T Ck (p) extends the action of Tk(p).
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Lemma 5.3. With the above notation, the subset of pairs (pip(ζ), z) ∈ T Ck (p)×Ωnp
such that pip(ζ)z ∈ Ωnp is an open subset of T Ck (p)× Ωnp . Such open set contains
pip(B0 × · · · × B0)× Ωnp ,
where the first factor is the image under pip of the product of n copies of B0, the
punctured disc B \ {0} in C. In particular, the local action is defined on Tk(p)×Ωnp
where it is given by the action of Tk(p) on Ωnp considered above.
We observe that the local action of T Ck (p) is locally holomorphic in the sense
that for ζ ∈ T Ck (p) fixed the map defined by (5.2) is locally holomorphic.
To perform our geometric constructions it is better to work with a global action.
Hence, we consider the corresponding action of T Ck (p) on Cn given by the same
expression
T Ck (p)× Cn → Cn
(pip(ζ), z) 7→ pip(ζ)z = (ζΛ(p)11 z1, . . . , ζΛ(p)nn zn).
It is easy to see that the orbits for the action of T Ck (p) on Cn have varying
dimensions, so we introduce the following stratification that collects (some) orbits
with the same dimension. For every j = 1, . . . , s we let
Vj = {z ∈ Cn : z(1) = 0, . . . , z(j−1) = 0, and z(j) 6= 0, . . . , z(s) 6= 0}.
It is easy to see that, for every j, the set Vj is a complex submanifold of C
n
that is invariant under the action of T Ck (p). Recall that an action is free when
its stabilizers are trivial. One can consider free actions by the introduction of the
following subgroups of T Ck (p). We let for every j = 1, . . . , s
Gj = pip({ζ ∈ C∗sk : ζt = 1, for all j = 1, . . . , k̂j−1}),
which defines a descending collection of groups with G1 = T Ck (p). Also note that
Gj ≃ C∗(s+1−j) for all j. Consider the subgroups of T Ck (p) given by
Tj = Gj ∩ Tk(p),
for every j = 1, . . . , s. Hence, the subgroups Tj form a descending collection of
compact subgroups of Tk(p) such that T1 = Tk(p) and satisfying Tj ≃ Ts+1−j .
The following result is an easy consequence of the definitions and the fact that
the equations z(1) = 0, . . . , z(j−1) = 0 define closed complex submanifolds of C
n.
Note that the set V1 ∪ · · · ∪ Vs is an open conull dense subset of Cn.
Lemma 5.4. For the partition V1∪· · ·∪Vs ⊂ Cn and the groups G1, . . . , Gs defined
above, the following properties hold for every j = 1, . . . , s.
(1) The subset Vj ∪ · · · ∪ Vs is a closed complex submanifold of Cn.
(2) The submanifold Vj is open in Vj ∪ · · · ∪ Vs.
(3) The action of the group Gj on C
n leaves invariant Vj ∪ · · · ∪ Vs.
(4) The submanifold Vj is the largest subset of Vj ∪ · · · ∪ Vs where the local
action of Gj is free.
Next we obtain a collection of fiber bundles whose total spaces are the subman-
ifolds Vj and whose structure groups are the corresponding Gj . We refer to [5]
for more details on the notions related to fiber bundles. The following result thus
provides the first geometric structure associated to the symbols in Ak,h(Ωnp ).
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Theorem 5.5 (Principal bundles associated to Ak,h(Ωnp )). Let k ∈ Zs+ be a par-
tition of n and h ∈ Zs+ be such that the conditions of Definition 4.3 are satisfied.
Consider the submanifolds V1, . . . , Vs of C
n and the subgroups G1, . . . , Gs of T Ck (p)
defined above. Then, the following property is satisfied for every j = 1, . . . , s.
• The quotient space Gj\Vj is a complex manifold so that the natural quotient
map Vj → Gj\Vj is a complex fiber bundle with structure group Gj ≃
C∗(s+1−j). In particular, every Gj-orbit is a complex submanifold of C
n.
Proof. By Lemma 5.3 the action of Gj on Vj is free and so by the results from [2]
it is enough to show that the action of Gj is proper. Recall that a G-action on a
manifold V is proper if for every compact subset K ⊂ V the set
{g ∈ G : gK ∩K 6= ∅}
has compact closure in G.
Let K ⊂ Vj be a compact subset. From the definition of Vj it follows we have
• if z ∈ K, then z(t) 6= 0 for every t = j, . . . , s,
• there exists c1, c2 > 0 such that c1 ≤ |zt| ≤ c2, for all t = k̂(j−1) + 1, . . . , n,
and for every z ∈ K.
Let pip(ζ) ∈ Gj be given, so that in particular we have ζt = 1 for all t = 1, . . . , k̂(j−1).
If pip(ζ)K ∩K 6= ∅, then there exists z, z′ ∈ K such that
ζ
Λ(p)t
t zt = z
′
t
for all t = k̂(j−1) + 1, . . . , n. This implies that
C−1 ≤ |ζt|Λ(p)t ≤ C
for every t = k̂(j−1) + 1, . . . , n, if we take C = c2/c1. Since this defines a condition
with compact closure in Gj , we conclude that the Gj -action on Vj is compact. 
The structure considered in the previous result is easily seen to induced a cor-
responding one on the domain Ωnp . Its proof is an easy consequence of Lemma 5.4
and Theorem 5.5 since Ωnp is open in C
n.
Theorem 5.6. Let k ∈ Zs+ be a partition of n and h ∈ Zs+ be such that the
conditions of Definition 4.3 are satisfied. Consider the submanifolds V1, . . . , Vs of
Cn and the subgroups G1, . . . , Gs of T CK (p) defined above, and denote V̂j = Vj ∩Ωnp
for every j = 1, . . . , s. Then, the following properties are satisfied for every j =
1, . . . , s
(1) The subset V̂j ∪ V̂s is a closed complex submanifold of Ωnp .
(2) The submanifold V̂j is open in V̂j ∪ V̂s.
(3) The intersection of the Gj-orbits in Vj with Ω
n
p defines a foliation Fj by
complex submanifolds in V̂j.
We now introduce the notion of a Lagrangian frame that was first considered in
[9], and refer to this work for the details of the geometric notions involved.
Definition 5.7. For a Ka¨hler manifold N , a Lagrangian frame is a pair of smooth
foliations (F,O) that satisfy the following properties
(1) Both foliations are Lagrangia. In other words, their leaves are Lagrangian
submanifolds of N .
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(2) If L1 and L2 are leaves of F and O, respectively, then TxL1 ⊥ TxL2 at every
point x ∈ L1 ∩ L2.
(3) The foliation O is Riemannian. In other words, the the Riemannian metric
of N is invariant under the leaf holonomy of O.
(4) The foliation F is totally geodesic. In other words, the leaves of F are totally
geodesic submanifolds of N .
And in this case, we refer to O and F as the Riemannian and totally geodesic
foliations, respectively, of the Lagrangian frame.
It is a remarkable fact that the symbols in Ak,h(Ωnp ) yield a Lagrangian frame
on Ωnp , as the following result establishes.
Theorem 5.8 (Lagrangian frames associated to Ak,h(Ωnp )). Let k ∈ Zs+ be a par-
tition of n and h ∈ Zs+ be such that the conditions of Definition 4.3 are satisfied.
Then, for every j = 1, . . . , s and for every leaf L in the foliation Fj of V̂j the
following properties hold.
(1) The action of Tj restricted to L defines a Riemannian foliation OL on
whose leaves every symbol in Ak,h(Ωnp ) is constant.
(2) The vector bundle TO⊥L defined as the orthogonal complement of TOL in
TL is integrable to a totally geodesic foliation JOL.
(3) The pair (OL,JOL) is a Lagrangian frame in L for the Ka¨hler structure
inherited from ΩnP .
Proof. Note that L is an open set of a Gj-orbit in Vj . Hence, the complex dimension
of L is dimCGj = s + 1 − j. Hence, the real dimension of the Tj-orbits in L is
dim Tj = s + 1 − j. Also, Tj leaves invariant both Vj and Ωnp , and so it leaves
invariant L. Since the Tj -action on Vj is free, it is so on L and hence it defines a
foliation OL in L.
Since Tj ⊂ Tn which acts by isometries on the Reinhardt domain Ωnp , it follows
that the foliation OL is Riemannian in L for the Ka¨hler structure on L inherited
from Ωnp . We refer to [9] for the relevant results. We also know from [9] that the
T
n-orbits on Ωnp are Lagrangian. Since Tj acts on L by a restriction of the Tn-
action, it follows that the Tj-orbits are isotropic in L; here we have also used that
L has the Ka¨hler structure inherited from that of Ωnp . Since the real dimension of
the Tj-orbits in L and the complex dimension of L are the same, we conclude that
OL is a Lagrangian foliation. Also observe that, by Theorem 5.1, the symbols in
Ak,h(Ωnp ) are constant on the leaves of the foliation OL.
Since the orthogonal complement to the tangent bundle of a Riemannian foliation
is totally geodesic (see [9]), to complete the proof it is enough to show that TO⊥L =
iTOL is an integrable vector subbundle of TL.
To prove the integrability of iTOF let us consider {Xt : t = 1, . . . , s + 1 − j}
a base for the Lie algebra of Tj . The Tj-action on L induces a family of vector
fields {X∗t : t = 1, . . . , s + 1 − j} on L characterized as those having flows given
by {exp(Xt) : t = 1, . . . , s+ 1 − j}, respectively. We refer to [4] for further details
on this construction. Since the Tj-action on L is free, it follows that the vector
fields {X∗t : t = 1, . . . , s+ 1− j} are linearly independent at every point of L, thus
defining a generating set for TOL at every point of L. Furthermore, since Tj is
Abelian [X∗t1 , X
∗
t2
] = 0 for every t1, t2.
On the other hand, for J the complex structure of Ωnp , the set of vector fields
{JX∗t : t = 1, . . . , s+ 1− j} yields a generating set for iTOF at every point of F .
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We claim that for every t, the vector fieldsX∗t and JX
∗
t are holomorphic, i.e. they
integrate to holomorphic local flows. First note that, dy definition, the vector fields
X∗t to flows which are 1-parameter subgroups of the Tj-action. Since the latter is
holomorphic, we conclude that the vector fields X∗t are holomorphic.
We now consider the vector fields JX∗t . First we recall that Tj ⊂ Tk(p) ⊂ T Ck (p),
which implies that
Xt ∈ Lie(Tj) ⊂ Lie(T Ck (p))
Since the local action of T Ck (p) on Ωnp is holomorphic we conclude that
JX∗t = (iXt)
∗
In particular, JX∗t is a holomorphic vector field on Ω
n
p . Once this is known, we
have for every t1, t2
[JX∗t1 , JX
∗
t2
] = J [X∗t1 , JX
∗
t2
] = J2[X∗t1 , X
∗
t2
] = 0.
Here we have used in the first and second identities the fact that JX∗t2 and X
∗
t1
,
respectively, define Lie derivatives that commute with J ; the latter is a consequence
of the fact that both vector fields are holomorphic (see [6]). Thus, we have proved
that the bundle iTOp has a set of sections that generate the fibers and commute
pairwise. Hence, the integrability of iTOp follows from Frobenius Theorem. 
Finally, we mention that a result similar to Theorem 5.9 from [8] can be obtained
by considering a suitable complement of Tk(p) inT Ck (p). However, this provides only
a local action on Ωnp and so we omit the details of such construction.
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